On ruled fields by JACK OHM Résumé 2014 Nous discutons de quelques résultats et problèmes en relation avec les fondements de la théorie des extensions rationnelles de corps d'une ou plusieurs variables.
Abstract 2014 Some results and problems that arise in connection with the foundations of the theory of ruled and rational field extensions are discussed.
I would like to discuss here some results and problems that deal with the foundations of the theory of ruled fields and that have as their centerpiece Theorem 1.1 below. The proofs are elementary, with a certain kind of specialization argument as a common underlying theme.
A ruled field may be defined to be a triple (L, K, t) such that L is a field, h' is a subfield of L, t is an element of L which is transcendental over K, and L = I(t). The pair (K, t) will be called a ruling of L, and L will be said to be (1(, t)-ruled. Occasionally, when it is not likely to cause confusion, we shall abbreviate this terminology to "L = K(t) is a ruled field" .
Fix an algebraically closed field n and a subfield k of 11 such that 11 has infinite degree of transcendance (abbreviated dt) over k, and consider the category whose objects are the subfields of SZ which contain k and have finite dt over k and whose morphisms are the (necessarily injective) k-homomorphisms. We can form a subcategory by taking its objects to be the ruled fields and by defining a morphism from a ruled field (L, K, t) to a ruled field (L', K', t') to be a homomorphism h of L to L' such that h(K) C K' and h(t) = t'. Since such an h is completely determined by its restriction to h', we could equivalently have defined the morphism h to be merely a homomorphism from 7~ to K'.
Problem. Let (L, K, t) and (L', K', t') be ruled fields. If there exists a homomorphism 0 (resp. an isomorphism) from L to L', does there exist a morphism (resp. an isomorphism) from to (L', K', t')? The answer to the homomorphism part of the question is "yes"; see 1.1-(i) below. As for the isomorphism part, this is just the famous Zariski problem for fields and is now known to have a negative answer; cf. [BCSS, 1985] .
However, we want to focus our attention here on the restricted isomorphism problem obtained by requiring 0(t) = t' ; we shall later refer to this as the Samuel Problem. Part (iii) of Theorem 1.1 asserts that this question has an affirmative answer if K/k is finitely generated and the base field k is infinite, but the question remains open without these hypotheses.
In addition to the notation dt for "degree of transcendence", we use for proper containment and tr. for "transcendental". Then i) (Roquette [R, 1964] for k infinite, Ohm [0, 1984~ for k arbitrary) L C K(x) implies L is k-isomocphic to a subfield of K ; ii) (Nagata [N,19671) L(x) = K(x) implies either L is k-isomorphic to K or both L and K are ruled over k ;
iii) (Samuel (Sa,1953J) L(x) = K(x), k infinite, and K/k finitely generated imply L is k-isomorphic to K.
The proof will be given in section 2, but first we want to mention some applications (in 1.2 and 1.3 below). Note that the hypothesis L(x) = K(x) of (ii) and (iii) implies x is tr. over L. One may also assume x is tr. over L in (i) (Samuel [Sa,1953] Moreover, if c = t1 for j sufhciently large, then the first equality of 2.4
shows that tl, and hence also c, is algebraic over L*. Thus, t1, ~ ~ ~ , tn are algebraic over L*, and therefore K is algebraic over L*. By 2.1 this again implies L -L* is an isomorphism.
3. Generalizations.
3.1. COROLLARY to l.l.-(iii) ([Sa, 1953] ). Let L and K be subfields of a field Q and extensions of a field.k, let xl, ~ ~ ~ , x.~ be elements of Q which are algebraically independent over K, and assume dt(L/k) dt(Klk). Then finitely generated, k infinite, and L(xl,
PROOF. Reduce to the 1-variable case of l.l.-(iii) by adjoining Xl, ... , Xn-1 to k, L and Il ; and then apply induction on n.
3.2. The following result includes 1.1. for the case that is finitely generated and k is infinite (as in l.l-(iii)).
THEOREM. Let L and K be subfields of a field Q and extensions of a field k, let x be an element of Q, tr. over h', and assume dt(L/k Then h'/k finitely generated, k infinite, and 
By induction, we are reduced to the case that X consists of a single element x, i.e. to 1.1-(i). 
These questions were first discussed in the paper [Se, 1949] of B. Segre. The Zariski problem is now known to be false in general [BCSS, 1985~, REMARK. Zariski [Z,1958] It is easily seen that there exists a rk n valuation vo of L(~i 2013 ~i,"' tn -an)/L such that (i) and (ii) are satisfied (take the value group to be the lexicographic sum of n copies of the integers and define a=) _ (0, ~ ~ -, 1~ ' " 0)), so it remains to verify (iii). Then b is in k(cl, ~ ~ ~ , cn)(t), for some ci in kl ; and since kl/k is separable, k(cl, ~ ~ ~ , cn) = k(c) for some c in kl. Thus, k(x) C k(b, x) C k(c, x), and we want to prove b is in k(x).
Since k = k2 is algebraically closed in k(b, x), k(b, x) and k(c) are linearly disjoint over k (cf. [W, p. 6, Prop. 7] ). Therefore [k(c) ii) ~ iii). In the char # 2 case, let c = f and t = b/(x -cy). In the char 2 case let c be a root of z' + z -a and t = b/(x -cy).
iii) # i). Immediate 
